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Abstract 
 
An on-line and off-line hybrid contact algorithm for modeling wheel/rail contact problems is developed based on the 

elastic contact formulation. In the hybrid algorithm developed in this investigation, the off-line tabular search is used 
for predicting the location of tread contact points, while the on-line iterative search is used for predicting flange contact 
points. By so doing, a computationally efficient procedure is achieved while keeping accurate predictions of contact 
points for severe contact scenarios such as sharp curve and turnout negotiations. The use of the proposed hybrid algo-
rithm can eliminate the time-consuming on-line iterative search for the second points of contact. Since the location of 
the second point of contact is pre-computed by the contact geometry analysis, the occurrence of two-point contact can 
be predicted by using the look-up table at the one-point contact configuration. A flange climb simulation demonstrates 
that the proposed hybrid contact search algorithm can be effectively used for modeling wheel/rail contacts in the analy-
sis of general multibody railroad vehicle systems. 
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1. Introduction 

Predicting the location of contact points is one of 
the most crucial issues in the analysis of multibody 
railroad vehicle systems [1, 2]. There are two differ-
ent approaches used for determining the contact 
points in the elastic contact formulation. The first 
approach is called the on-line contact search algo-
rithms. The location of contact points is determined 
online by using iterative procedures at every time step 
in the dynamics simulation. To this end, contact 
search is performed by either solving algebraic equa-
tions [2] or using nodal search method [3]. On the 
other hand, in the second approach, off-line contact 

search algorithms, the location of points of contact is 
pre-computed by the contact geometry analysis and 
such information is stored in the look-up contact table. 
The contact point is then predicted by interpolation of 
the table data for given wheelset displacements ob-
tained in the dynamic simulation. Such an off-line 
search method has been widely used in the special-
ized railroad vehicle dynamics codes, while the on-
line search is used in general multibody computer 
algorithms. Although time-consuming on-line itera-
tive procedures can be avoided in the off-line ap-
proach, special care needs to be exercised since rigid 
contacts are usually assumed in the off-line contact 
geometry analysis. This leads to inconsistent predic-
tion of contact points when severe contact scenarios 
such as multiple flange contacts in sharp curve and 
turnout negotiations are considered. It is, therefore, 
the objective of this investigation to develop a nu-

†This paper was presented at the 4th Asian Conference on Multibody 
Dynamics(ACMD2008), Jeju, Korea, August 20-23, 2008. 

*Corresponding author. Tel.: +81 3 5228 8365, Fax.: +81 3 5228 8365 
E-mail address: hsugiy1@rs.kagu.tus.ac.jp 
© KSME & Springer 2009 



992 H. Sugiyama et al. / Journal of Mechanical Science and Technology 23 (2009) 991~996 

merical procedure that can be used for predicting the 
tread and flange contacts in an efficient way. To this 
end, the on-line and off-line hybrid contact search 
algorithm is developed. 
 

2. Wheel and rail coordinate systems 

2.1 Wheelset coordinate system 

The global position vector of an arbitrary point of 
contact on wheelset w can be defined as [2] 
 

wk w wi wk= +r R A u  (1) 
 
where superscript k denotes the contact number (k=1 
for the right wheel, k=2 for the left wheel, etc); the 
position vector [ ]w w w w T

X Y ZR R R=R  defines the 
global position of the origin of the wheelset coordi-
nate system; wiA  defines the coordinate system of 
the wheelset that does not rotate with the wheelset 
about wY -axis. Such a coordinate system is called 
wheelset intermediate coordinate system, while the 
orientation of the wheelset with rotation about wY -
axis can be defined by using the three Euler angles 

[ ]w w w w Tψ φ θ=θ  (yaw angle wψ , roll angle 
wφ  and pitch angle wθ ); and wku  is the position 

vector that defines the location of contact point de-
fined with respect to the wheelset intermediate coor-
dinate system. The profile coordinate system 

wk wk wkX Y Z  (k=1,2) is defined in order to param-
eterize the wheel geometry as shown in Fig. 1. Using 
the wheel profile coordinate system, the lateral and 
circumferential surface parameters given by 1

wks  
and 2

wks  are introduced as shown in Fig. 1. With  
 

 
 
Fig. 1. Parameterization of wheelset. 

these two parameters, the rolling radius of each wheel 
is given by 1 2( , )k wk wkg s s . If the rolling radius can be 
assumed to be constant in the circumferential direc-
tion of the wheel, one can have 1( )k k wkg g s= . Fur-
thermore, the two tangents at the contact point along 
the lateral ( 1

wks ) and circumferential ( 2
wks ) directions 

as well as the normal are given as 
 

1 2 1 2
1 2

, ,
wk wk

wk wk wk wk wk
wk wks s

∂ ∂
= = = ×
∂ ∂
u u

t t n t t  (2) 

 
Differentiating Eq. (1) with respect to time, the ab-

solute velocity vector of the arbitrary point of contact 
on the wheelset can be written as 
 

wk w w wk
×= +r R ω u&&  (3) 

 
where wω  is the absolute angular velocity vector of 
the wheelset and wku  is the absolute position vector 
of the arbitrary point of contact. 
 
2.2 Rail coordinate system 

As shown in Fig. 2, the profile coordinate system 
of rail r is defined for right and left rails as 

rk rk rkX Y Z . Using this profile coordinate system, the 
longitudinal and lateral surface parameters given by 

1
rks  and 2

rks  are introduced as shown in Fig. 2. 
With these two parameters, the cross-sectional shape 
of the rail can be defined by 1 2( , )k rk rkf s s . If the 
shape of the rail can be assumed to remain constant 
along the longitudinal axis of the rail, one can have 

2( )k k rkf f s= . Assuming that the rail is rigidly fixed 
to the global coordinate system, the global position 
vector of the contact point on the rail can be defined 
as [2] 

 
rk rk rk rk= +r R A u  (4) 

 
where rkR  defines the location of the origin of the 
rail profile coordinate system defined with respect to 
the global coordinate system and is given as a func-
tion of the longitudinal surface parameter 1

rks ; rkA  
defines the orientation of the profile coordinate sys-
tem that is also a function of the longitudinal surface 
parameter 1

rks ; and rku  is the location of the con-
tact point defined with respect to the profile coordi-
nate system. In a way similar to Eq. (2), the tangents 
along the longitudinal and lateral directions as well as 
the normal can be obtained.  



 H. Sugiyama et al. / Journal of Mechanical Science and Technology 23 (2009) 991~996 993 
 

 
 
Fig. 2. Parameterization of rail. 
 

3. Contact search methods 

3.1 On-line search 

In the on-line contact formulation, the location of 
contact points is determined online by using iterative 
procedures. Since the location of the contact points is 
predicted online, contact points can be accurately and 
reliably predicted in this algorithm. This is one of the 
reasons why general multibody computer algorithms 
employ on-line based algorithms. In the elastic con-
tact formulation, two different approaches are used 
for determining the location of contact points. In the 
first approach, wheel and rail profiles are parameter-
ized by discrete nodal points, and the distance be-
tween nodes on wheel and rail profiles is used to de-
termine the contact point. This method has an advan-
tage in that requirements of surface smoothness are 
not necessary since derivatives of wheel and rail pro-
file functions are not used for predicting contact 
points.  

In the second approach, the following four alge-
braic equations are solved to determine the four 
surface parameters [2]: 
 

1

2

1

2

( )
( )

( )

kr w r
P P

r w r
k wrk P P

w r

w r

⎡ ⎤⋅ −
⎢ ⎥⋅ −⎢ ⎥= =⎢ ⎥⋅
⎢ ⎥

⋅⎢ ⎥⎣ ⎦

t r r
t r r

E s 0
t n
t n

 (5) 

 
where wrks  is a set of surface parameters for contact 
k  g iven  by 1 2 1 2[ ]wrk wk wk rk rk Ts s s s=s .  As 
shown in Fig. 3(a), the contact point that satisfies Eq. 
(5) guarantees that tangent planes defined at the 
points on the wheel and rail are parallel (tangency 
condition); and the relative distance projected on the 
tangent plane of the rail is always zero. The location 
of the contact point calculated by Eq. (5) is generally 

 
 
Fig. 3. Elastic and rigid contacts. 
 
more accurate than those obtained by using the nodal 
search method, since discrete nodal points are not 
used for predicting the location of contact points. 
Having obtained the contact point, the local deforma-
tion (indentation) at the contact point is given as 
 

( )wk rk
P P

k rkδ = −⋅n r r  (6) 
 
and the normal contact force can be defined by the 
Hertz’s contact model as [3] 
 

3 / 2( )k k k
nF K Dδ δ= − − &  (7) 

 
where K  is Hertz’s constant that depends on the 
surface curvature and material properties, and D  is 
the damping coefficient. Having obtained the normal 
contact force, the tangential creep forces need to be 
calculated. In this investigation, FASTSIM algorithm 
developed by Kalker is used to calculate the creep 
forces on the tread and flange of wheels [4]. 
 
3.2 Off-line search 

Despite the accurate prediction of the location of 
contact points, the use of the on-line contact search 
algorithm is computationally expensive due to the use 
of iterative procedures. For this reason, the off-line 
contact algorithm is conventionally used in the spe-
cialized railroad vehicle dynamics codes in order to 
reduce the computational effort for contact search [1]. 
In this approach, the location of contact points is pre-
computed by the contact geometry analysis and a  
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Fig. 4. Schematic representation of the (a) flexible track founda-
tion model and (b) Hertz’s contact model. 

 
look-up contact table is generated, from which the 
location of contact points is computed in the dynamic 
simulation. To generate the look-up contact table, the 
non-conformal contact condition that guarantees the 
point and tangency conditions between two bodies in 
contact is imposed as follows: 

 

1

2

( , )

kw r
P P

k w wrk w r

w r

⎡ ⎤−
⎢ ⎥= ⋅ =⎢ ⎥
⎢ ⎥⋅⎣ ⎦

r r
C q s t n 0

t n
 (8) 

 
The configuration of two bodies that satisfies the 

preceding equations is schematically shown in Fig. 3 
(b). Since a non-conformal contact condition is im-
posed on each contact point, rigid contact is auto-
matically assumed [5]. For this reason, in the use of 
elastic contact formulations with look-up contact 
tables, the normal contact forces are generally calcu-
lated by using a track foundation model as shown in 
Fig. 4(a) [1]. In such a case, Hertz’s contact model 
shown in Fig. 4(b) is not used between the wheel and 
rail, which sometimes leads to inaccurate prediction 
of contact forces when severe contact conditions such 
as flange contact/impact are encountered [6]. For this 
reason, in this investigation, Hertz’s contact model is 
used for computing the normal contact force and the 
track foundation model is not used to determine the 
normal contact force. 

It should be noted that the contact point predicted 
by the look-up table is based on the assumption of 
rigid contacts and the indentation between the two 
body surfaces is not allowed, while in the elastic con-
tact formulation, small deformations between the two 
bodies are allowed to determine the normal contact 
force with Hertz’s theory. For this reason, it is not 
guaranteed that contact points predicted by the look-
up table coincide with those obtained by solving Eq.  

 
 
Fig. 5. On-line/off-line hybrid algorithm. 

 
(5) in the on-line iterative search. In other words, if a 
vector of the relative distance between the points of 
contact is approximately perpendicular to the tangent 
contact plane, the condition of Eq. (5) can be satisfied. 
In the case of tread contacts, such a condition can be 
automatically satisfied since the contact angle is gen-
erally very small, while in the case of flange contact 
that has large contact angle, the location of contact 
point given under the assumption of rigid and elastic 
contacts can be different. Such configuration is sche-
matically demonstrated in Fig. 3. Special care, there-
fore, needs to be exercised for predicting consistent 
points of contact when the off-line contact search is 
used with Hertz’s contact model. 
 
3.3 Hybrid search 

The tabular off-line contact search can be effec-
tively used for treating tread contacts, while the off-
line search is no longer valid since the contact inden-
tation contributes to the wheelset lateral and yaw 
displacements that are used as inputs of the look-up 
table (see Fig. 3). To overcome this problem, the off-
line search that can be used for tread contact problems 
is switched to the on-line search when the contact 
point jumps to the flange region as shown in Fig. 5. 
With the hybrid use of the on-line and off-line contact 
search, a computationally efficient algorithm can be 
achieved while keeping the accurate prediction of 
contact points on the tread and flange. 

Furthermore, the use of the hybrid algorithm elimi-
nates the on-line detection of the second point of con-
tact as well. The contact detection of the second point 
of contact is a time-consuming part of existing con-
tact formulations. Since the location of the second 
point of contact is pre-computed by the contact ge-
ometry analysis, the occurrence of the second point of 
contact can be predicted by the look-up table in a 
straightforward manner. The point predicted by the  
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Fig. 6. Suspended wheelset model. 
 
table is then used as an initial estimate for the on-line 
iterative procedure to achieve accurate predictions. 
This leads to faster convergence in the iterative pro-
cedure as well. For the two-point contact scenarios 
encountered in curve negotiations, the on-line search 
is used for both flange and tread contacts. The on-line 
one-point contact is also important for flange climb 
scenarios, as will be discussed in the numerical ex-
ample. 
 
4. Numerical examples 

In this section, a flange climb scenario in turnout 
sections is considered in order to demonstrate the use 
of the on-line and off-line hybrid contact search algo-
rithms. The dimension of the suspended wheelset 
used in this example is shown in Fig. 6, and the 
wheelset mass and the moments of inertia are as-
sumed to be 1568wm = kg, =656w w

xx zzI I= kgm2, and 
168w

yyI = kgm2. A downward vertical load of 50 kN is 
applied to the wheelset center. The spring constants 
and damping coefficients of the primary suspensions 
are assumed to be 51 10xk = × N/m, 52 10yk = × N/m, 

0x yc c= = Ns/m, while 2 1.105a = m, 2 1.305b = m 
are used in Fig. 6. The track gauge is 1.067 m and the 
wheel and rail are profiled by a cubic spline function. 

In this simulation scenario, the right wheel is in 
contact with the rail at the top of the flange, while the 
left wheel has tread contact at the initial configuration. 
Due to the large difference in rolling radii, the wheel-
set is steered in the direction of the wheel with small-
er rolling radius and a flange contact occurs on the 
left wheel. The lateral and vertical displacements of 
the wheelset are shown in Fig. 7. It can be seen from 
this Fig. that the wheelset moves left (positive) due to 
the rolling radius difference and then the wheel 

 
 
Fig. 7. Wheelset lateral and vertical displacements. 

 

 
 
Fig. 8. Contact point and the contact angle (Left wheel). 
 

 
 
Fig. 9. Configuration of wheel/rail. 
 
starts climbing the rail after around 0.105 s. This is 
when the contact point jumps from the tread to flange. 
After the flange contact occurs, the vertical displace-
ment of the wheelset increases and reaches the maxi-
mum point around 0.14 s. In order to see the change 
in the location of the contact point, the global position 
of the contact point in the lateral direction and the 
contact angle of the left wheel are shown in Fig. 8. It 
can be observed from these figures that the jump in 
the location of contact point occurs around 0.105 s 



996 H. Sugiyama et al. / Journal of Mechanical Science and Technology 23 (2009) 991~996 

and the contact angle increases up to the flange angle 
(65 degree) as the wheel climbs. Since the threshold 
of the contact angle used for switching the off-line 
and on-line searches is assumed to be 5.0 degrees, the 
contact search around the flange region is performed 
by the on-line approach after around 0.105s. 

Fig. 9 compares the wheel and rail configurations 
at 0.13 s obtained by using the hybrid and the off-line 
algorithms. As discussed in the previous section, the 
incorrect contact point is predicted when the off-line 
approach is solely used for modeling the flange con-
tact. As a result, the wheel and rail are erroneously 
interpenetrating without the flange climb. Recall that, 
for the flange contact, a small change in the lateral 
displacement leads to a significant change in the loca-
tion of contact point due to the large contact angle. 
This problem can be circumvented by using the 
switching algorithm proposed in this investigation 
and the flange climb is correctly simulated. 
 
5. Summary and conclusions 

In this investigation, an on-line and off-line hybrid 
contact algorithm for modeling wheel/rail contacts is 
developed for the analysis of multibody railroad vehi-
cle systems. It is shown that a tabular off-line contact 
search can be effectively used for treating tread con-
tacts, while this method with Hertz’s contact model is 
no longer valid when the flange contact occurs since 
the contact indentation contributes to the wheelset 
lateral and yaw displacements that are used as inputs 
of the look-up table. In the proposed approach, the 
off-line search used for the tread contact is switched 
to the on-line search when the contact point jumps to 
the flange region and the contact point predicted by 
the table is used as an initial estimate for the on-line 
iterative procedure to improve the numerical conver-
gence. Furthermore, the use of the hybrid algorithm 
eliminates the time-consuming on-line detection of 
the second point of contact. Numerical results are 
presented in order to demonstrate the use of the con-
tact algorithm developed in this investigation. 
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